We have derived the hierarchy of moment equations that describes the dynamics of charged particle beams in linear accelerators and can truncate the hierarchy at any level either by discarding higher moments or by a cumulant expansion discarding only correlation functions. We have developed a procedure for relating the density expansion linearly to the moments to any order. The relation of space-charge fields to the density has been derived; and an accurate, systematic, and computationally convenient expansion of the resultant integrals has been developed.
Introduction
The dynamics of charged particle beams involves a large number of degrees of freedom; consequently, the solution of -the equations of motion and the interpretation of solutions is quite difficult. The approximate reduction of the equations of motion to a finite system, in analogy with reduction of the equations for a solid body to Euler equations, would be very useful both for numerical computation and for intuitive interpretation. However, because a charged particle beam is not a perfect solid body, even in phase space, it is important to correct systematically the lowest order equations to any desired order.
How to derive moment equations to describe beam dynamics in three dimensions to any arbitrary order is shown in this paper. The truncation of these equations at any order is discussed, and how to compute space-charge forces in terms of the moments consistently to the same order is shown.
Basic Equations
For simplicity, let us consider nonrelativistic beams in which the space charge is well described by electrostatic forces. Also, we ignore the effects of walls and of particle collisions. None of these approximations are essential to our development, but are reasonably well satisfied for some low-energy proton linacs. Thus the equations we derive, besides being simple, are directly applicable to some machines. With these assumptions, the beam obeys the Vlasov equation
where f(x.,¢,t) is the distribution function in phase space, m is the mass of the particles, F(x,t) is the external force caused by the accelerating and focusing structure, and E is the space-charge electric field that satisfies t * -q4fdrq f dv f(x,v,t) * Let us make several comments about these equations. First, note that Eqs. (5)- (9) are exact and thus can be used directly to check particle simulation codes. Next, note that the forces depend on the spatial variables, and thus Eqs. (5)- (9) ( (20) where we have used the summation convention, and where All the other moment equations are obtained similarly.
